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DEFORMATIONS OF RELATIVE ROTA-BAXTER OPERATORS ON LEIBNIZ
ALGEBRAS
RONG TANG, YUNHE SHENG, AND YANQIU ZHOU
Abstract. In this paper, we introduce the cohomology theory of relative Rota-Baxter operators
on Leibniz algebras. We use the cohomological approach to study linear and formal deformations
of relative Rota-Baxter operators. In particular, the notion of Nijenhuis elements is introduced
to characterize trivial linear deformations. Formal deformations and extendibility of order n de-
formations of a relative Rota-Baxter operator are also characterized in terms of the cohomology
theory.
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1. Introduction
The notion of Rota-Baxter operators on associative algebras was introduced in 1960 by G.
Baxter [3] in his study of fluctuation theory in probability. Recently it has been found many
applications, including in Connes-Kreimer’s algebraic approach to the renormalization in per-
turbative quantum field theory [6]. In the Lie algebra context, a Rota-Baxter operator of weight
zero was introduced independently in the 1980s as the operator form of the classical Yang-
Baxter equation, whereas the classical Yang-Baxter equation plays important roles in many
fields in mathematics and mathematical physics such as quantum groups and integrable sys-
tems [7, 22]. Rota-Baxter operators on super-type algebras were studied in [1], which build re-
lationships between associative superalgebras, Lie superalgebras, L-dendriform superalgebras
and pre-Lie superalgebras. Recently Rota-Baxter operators on Leibniz algebras were studied in
[23], which is the main ingredient in the study of the twisting theory and the bialgebra theory
for Leibniz algebras. Generally, Rota-Baxter operators can define on operads, which establish
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a relationship between the splitting of an operad [4, 21]. For further details on Rota-Baxter
operators, see [13, 14].
The deformation of algebraic structures began with the seminal work of Gerstenhaber [11, 12]
for associative algebras and followed by its extension to Lie algebras by Nijenhuis and Richard-
son [18, 19]. Makhlouf and Silvestrov study the deformation theories of Hom-type algebras
[17]. In general, deformation theory was developed for binary quadratic operads by Bal-
avoine [5]. Recently, the deformation theories of morphisms and O-operators were developed
in [2, 8, 9, 24]. The concept of a Leibniz algebra was introduced by Loday [15, 16] with the
motivation in the study of the periodicity in algebraic K-theory. Recently the structure theories
of semisimple Leibniz algebras and Cartan subalgebras of complex finite-dimensional Leibniz
algebras were deep studied in [10, 20].
In this paper, we study linear deformations and formal deformations of relative Rota-Baxter
operators on Leibniz algebras using the cohomological approach. For this purpose, we first
define the cohomology of relative Rota-Baxter operators on Leibniz algebras. Then we study
linear deformations and introduce the notion of a Nijenhuis element associated to a relative
Rota-Baxter operator, which can give rise to trivial linear deformations. We go on studying
formal deformations of relative Rota-Baxter operators on Leibniz algebras and show that the
infinitesimal of a formal deformation is a 1-cocycle. Finally, we characterize the extendibility
of order n deformations of a relative Rota-Baxter operator in terms of the cohomology theory.
The paper is organized as follows. In Section 2, we introduce the notion of relative Rota-
Baxter operators on Leibniz algebras with respect to representations. Given a relative Rota-
Baxter operator, there is a natural Leibniz algebra on the representation space. We define the
cohomology theory of a relative Rota-Baxter operator on a Leibniz algebra in terms of the coho-
mology of the Leibniz algebra on the representation space. In Section 3, we study deformation
theory of relative Rota-Baxter operators. Firstly, we study the linear deformation theory of rela-
tive Rota-Baxter operators on Leibniz algebras. We introduce the notion of a Nijenhuis element
associated to a relative Rota-Baxter operator, which gives rise to a trivial linear deformation of
the relative Rota-Baxter operator. We also build a relationship between linear deformations of
relative Rota-Baxter operators and linear deformations of the underlying Leibniz algebras. Sec-
ondly, we study the formal deformation theory of relative Rota-Baxter operators. We show that
the infinitesimals of two equivalent formal deformations of a relative Rota-Baxter operator are
in the same first cohomology class of the relative Rota-Baxter operator. Under some condition,
we study the rigidity of a relative Rota-Baxter operator. Finally, we study deformations of order
n of a relative Rota-Baxter operator. We show that the obstructions to extension to deformations
of order n + 1 are given by 2-cocycles.
Data Availability Statements. Data sharing is not applicable to this article as no new data were
created or analyzed in this study.
2. Cohomologies of a relative Rota-Baxter operator on a Leibniz algebra
Definition 2.1. A Leibniz algebra is a vector space g together with a bilinear operation [·, ·]g :
g ⊗ g → g such that
[x, [y, z]g]g = [[x, y]g, z]g + [y, [x, z]g]g, ∀x, y, z ∈ g.(1)
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A representation of a Leibniz algebra (g, [·, ·]g) is a triple (V; ρ
L, ρR), where V is a vector
space, ρL, ρR : g → gl(V) are linear maps such that the following equalities hold for all x, y ∈ g,
ρL([x, y]g) = [ρ
L(x), ρL(y)],(2)
ρR([x, y]g) = [ρ
L(x), ρR(y)],(3)
ρR(y) ◦ ρL(x) = −ρR(y) ◦ ρR(x).(4)
Here [·, ·] : ∧2gl(V) → gl(V) is the commutator Lie bracket on gl(V), the vector space of linear
transformations on V .
Define the left multiplication L : g −→ gl(g) and the right multiplication R : g −→ gl(g) by
Lxy = [x, y]g and Rxy = [y, x]g respectively for all x, y ∈ g. Then (g; L,R) is a representation of
(g, [·, ·]g), which is called the regular representation.
Definition 2.2. ([16]) Let (V; ρL, ρR) be a representation of a Leibniz algebra (g, [·, ·]g). The
Loday-Pirashvili cohomology of g with coefficients in V is the cohomology of the cochain
complex Ck(g,V) = Hom(⊗kg,V), (k ≥ 0) with the coboundary operator ∂ : Ck(g,V) −→
Ck+1(g,V) defined by
(∂ f )(x1, · · · , xk+1) =
k∑
i=1
(−1)i+1ρL(xi) f (x1, · · · , xˆi, · · · , xk+1) + (−1)
k+1ρR(xk+1) f (x1, · · · , xk)
+
∑
1≤i< j≤k+1
(−1)i f (x1, · · · , xˆi, · · · , x j−1, [xi, x j]g, x j+1, · · · , xk+1),
for all x1, · · · , xk+1 ∈ g.
A permutation σ ∈ Sn is called an (i, n − i)-shuffle if σ(1) < · · · < σ(i) and σ(i + 1) < · · · <
σ(n). If i = 0 or n we assume σ = Id. The set of all (i, n − i)-shuffles will be denoted by S(i,n−i).
The notion of an (i1, · · · , ik)-shuffle and the set S(i1 ,··· ,ik) are defined analogously.
First we introduce the notion of a relative Rota-Baxter operator on a Leibniz algebra and give
an example.
Definition 2.3. Let (V; ρL, ρR) be a representation of a Leibniz algebra (g, [·, ·]g). A linear opera-
tor T : V → g is called a relative Rota-Baxter operator on (g, [·, ·]g) with respect to (V; ρ
L, ρR)
if T satisfies:
[Tv1, Tv2]g = T (ρ
L(Tv1)v2 + ρ
R(Tv2)v1), ∀v1, v2 ∈ V.(5)
Example 2.4. Consider the 3-dimensional Leibniz algebra (g, [·, ·]) given with respect to a basis
{e1, e2, e3} by
[e1, e1] = e3.
Then T =

a11 a12 a13
a21 a22 a23
a31 a32 a33
 is a relative Rota-Baxter operator on (g, [·, ·]) with respect to the
regular representation if and only if
[Tei, Te j] = T ([Tei, e j] + [ei, Te j]), ∀i, j = 1, 2, 3.
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We have [Te1, Te1] = [a11e1 + a21e2 + a31e3, a11e1 + a21e2 + a31e3] = a
2
11e3, and
T ([Te1, e1] + [e1, Te1]) = T ([a11e1 + a21e2 + a31e3, e1] + [e1, a11e1 + a21e2 + a31e3])
= 2a11Te3 = 2a11a13e1 + 2a11a23e2 + 2a11a33e3.
Thus, by [Te1, Te1] = T ([Te1, e1] + [e1, Te1]), we obtain
a211 = 2a11a33, a11a13 = 0, a11a23 = 0.
Similarly, by [Te1, Te2] = T ([Te1, e2] + [e1, Te2]), we obtain
a11a12 = a12a33, a12a13 = 0, a12a23 = 0.
By [Te1, Te3] = T ([Te1, e3] + [e1, Te3]), we obtain
a11a13 = a13a33, a13a13 = 0, a13a23 = 0.
By [Te2, Te1] = T ([Te2, e1] + [e2, Te1]), we obtain
a12a11 = a12a33, a12a13 = 0, a12a23 = 0.
By [Te3, Te1] = T ([Te3, e1] + [e3, Te1]), we obtain
a13a11 = a13a33, a13a13 = 0, a13a23 = 0.
By [Tei, Te j] = T ([Tei, e j] + [ei, Te j]) = 0, i, j = 2, 3, we obtain
a212 = 0, a
2
13 = 0, a12a13 = 0.
Summarize the above discussion, we have
(i) If a11 = a12 = a13 = 0, then any T =

0 0 0
a21 a22 a23
a31 a32 a33
 is a relative Rota-Baxter operator
on (g, [·, ·]) with respect to the regular representation.
(ii) If a12 = a13 = 0 and a11 , 0, a23 = 0, then any T =

a11 0 0
a21 a22 0
a31 a32
1
2
a11
 is a relative
Rota-Baxter operator on (g, [·, ·]) with respect to the regular representation.
Lemma 2.5. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to (V; ρL, ρR). Define
[u, v]T = ρ
L(Tu)v + ρR(Tv)u, u, v ∈ V.(6)
Then (V, [·, ·]T ) is a Leibniz algebra.
Proof. For all u, v,w ∈ V , we have
[u, [v,w]T ]T − [[u, v]T ,w]T − [v, [u,w]T ]T
= [u, ρL(Tv)w + ρR(Tw)v]T − [ρ
L(Tu)v + ρR(Tv)u,w]T − [v, ρ
L(Tu)w + ρR(Tw)u]T
= ρL(Tu)ρL(Tv)w + ρR(TρL(Tv)w)u + ρL(Tu)ρR(Tw)v + ρR(TρR(Tw)v)u
−ρL(TρL(Tu)v)w − ρR(Tw)ρL(Tu)v − ρL(TρR(Tv)u)w − ρR(Tw)ρR(Tv)u
−ρL(Tv)ρL(Tu)w − ρR(TρL(Tu)w)v − ρL(Tv)ρR(Tw)u − ρR(TρR(Tw)u)v
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(5)
= 0.
Therefore, (V, [·, ·]T ) is a Leibniz algebra. 
Corollary 2.6. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to (V; ρL, ρR). Then T is a homomorphism from the Leibniz algebra (V, [·, ·]T ) to the
initial Leibniz algebra (g, [·, ·]g).
Proof. It follows from Lemma 2.5 and (5). 
Theorem 2.7. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to (V; ρL, ρR). Define
ρ¯L(u)x = [Tu, x]g − Tρ
R(x)u, ρ¯R(u)x = [x, Tu]g − Tρ
L(x)u, ∀u ∈ V, x ∈ g.(7)
Then (g; ρ¯L, ρ¯R) is a representation of the Leibniz algebra (V, [·, ·]T ).
Proof. Indeed, for all u, v ∈ V and x ∈ g , we have
(ρ¯L([u, v]T ) − [ρ¯
L(u), ρ¯L(v)])x
(6),(7)
= [T [u, v]T , x]g − Tρ
R(x)[u, v]T − ρ¯
L(u)([Tv, x]g − Tρ
R(x)v) + ρ¯L(v)([Tu, x]g − Tρ
R(x)u)
(5)
= [[Tu, Tv]g, x]g − Tρ
R(x)(ρL(Tu)v + ρR(Tv)u) − [Tu, [Tv, x]g − Tρ
R(x)v]g
+TρR([Tv, x]g − Tρ
R(x)v)u + [Tv, [Tu, x]g − Tρ
R(x)u]g − Tρ
R([Tu, x]g − Tρ
R(x)u)v
= −TρR(x)ρL(Tu)v − TρR(x)ρR(Tv)u + [Tu, TρR(x)v]g + Tρ
R([Tv, x]g)u
−TρR(TρR(x)v)u − [Tv, TρR(x)u]g − Tρ
R([Tu, x]g)v + Tρ
R(TρR(x)u)v
(3)
= −TρR(x)ρL(Tu)v − TρR(x)ρR(Tv)u + [Tu, TρR(x)v]g + T [ρ
L(Tv), ρR(x)]u
−TρR(TρR(x)v)u − [Tv, TρR(x)u]g − T [ρ
L(Tu), ρR(x)]v + TρR(TρR(x)u)v
= −TρR(x)ρL(Tu)v − TρR(x)ρR(Tv)u + [Tu, TρR(x)v]g + Tρ
L(Tv)ρR(x)u − TρR(x)ρL(Tv)u
−TρR(TρR(x)v)u − [Tv, TρR(x)u]g − Tρ
L(Tu)ρR(x)v + TρR(x)ρL(Tu)v + TρR(TρR(x)u)v
(5)
= 0.
Thus we deduce that ρ¯L([u, v]T ) = [ρ¯
L(u), ρ¯L(v)]. Furthermore, for all u, v ∈ V and x ∈ g, we
have
(ρ¯R([u, v]T ) − [ρ¯
L(u), ρ¯R(v)])x
(6),(7)
= [x, T [u, v]T ]g − Tρ
L(x)[u, v]T − ρ¯
L(u)([x, Tv]g − Tρ
L(x)v) + ρ¯R(v)([Tu, x]g − Tρ
R(x)u)
= [x, [Tu, Tv]g]g − Tρ
L(x)(ρL(Tu)v + ρR(Tv)u) − [Tu, [x, Tv]g − Tρ
L(x)v]g
+TρR([x, Tv]g − Tρ
L(x)v)u + [[Tu, x]g − Tρ
R(x)u, Tv]g − Tρ
L([Tu, x]g − Tρ
R(x)u)v
= −TρL(x)ρL(Tu)v − TρL(x)ρR(Tv)u + [Tu, TρL(x)v]g + Tρ
R([x, Tv]g)u
−TρR(TρL(x)v)u − [TρR(x)u, Tv]g − Tρ
L([Tu, x]g)v + Tρ
L(TρR(x)u)v
(2),(3)
= −TρL(x)ρL(Tu)v − TρL(x)ρR(Tv)u + [Tu, TρL(x)v]g + T [ρ
L(x), ρR(Tv)]u
−TρR(TρL(x)v)u − [TρR(x)u, Tv]g − T [ρ
L(Tu), ρL(x)]v + TρL(TρR(x)u)v
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(4)
= [Tu, TρL(x)v]g − Tρ
L(Tu)ρL(x)v − TρR(TρL(x)v)u
−[TρR(x)u, Tv]g + Tρ
L(TρR(x)u)v + TρR(Tv)ρR(x)u
(5)
= 0,
which implies that ρ¯R([u, v]T ) = [ρ¯
L(u), ρ¯R(v)]. Finally, for all u, v ∈ V and x ∈ g, we have
(ρ¯R(u)ρ¯L(v) + ρ¯R(u)ρ¯R(v))x
(7)
= ρ¯R(u)([Tv, x]g − Tρ
R(x)v) + ρ¯R(u)([x, Tv]g − Tρ
L(x)v)
= [[Tv, x]g − Tρ
R(x)v, Tu]g − Tρ
L([Tv, x]g − Tρ
R(x)v)u
+[[x, Tv]g − Tρ
L(x)v, Tu]g − Tρ
L([x, Tv]g − Tρ
L(x)v)u
= [[Tv, x]g, Tu]g − [Tρ
R(x)v, Tu]g − Tρ
L([Tv, x]g)u + Tρ
L(TρR(x)v)u
+[[x, Tv]g, Tu]g − [Tρ
L(x)v, Tu]g − Tρ
L([x, Tv]g)u + Tρ
L(TρL(x)v)u
(1),(2)
= −[TρR(x)v, Tu]g − T [ρ
L(Tv), ρL(x)]u + TρL(TρR(x)v)u
−[TρL(x)v, Tu]g − T [ρ
L(x), ρL(Tv)]u + TρL(TρL(x)v)u
(5),(4)
= 0.
Therefore, (g; ρ¯L, ρ¯R) is a representation of the Leibniz algebra (V, [·, ·]T ). 
Let ∂T : C
n(V, g) −→ Cn+1(V, g) be the corresponding Loday-Pirashvili coboundary oper-
ator of the Leibniz algebra (V, [·, ·]T ) with coefficients in the representation (g; ρ¯
L, ρ¯R). More
precisely, ∂T : C
n(V, g) −→ Cn+1(V, g) is given by
(∂T f )(v1, · · · , vn+1)
=
n∑
i=1
(−1)i+1[Tvi, f (v1, · · · , vˆi, · · · , vn+1)]g −
n∑
i=1
(−1)i+1TρR( f (v1, · · · , vˆi, · · · , vn+1))vi
+(−1)n+1[ f (v1, · · · , vn), Tvn+1]g + (−1)
nTρL( f (v1, · · · , vn))vn+1
+
∑
1≤i< j≤n+1
(−1)i f (v1, · · · , vˆi, · · · , v j−1, ρ
L(Tvi)v j + ρ
R(Tv j)vi, v j+1, · · · , vn+1).
Definition 2.8. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). Denote by (C∗(V, g) = ⊕+∞
k=0
Ck(V, g), ∂T ) the above cochain
complex. Denote the set of k-cocycles by Zk(V, g) and the set of k-coboundaries by Bk(V, g).
Denote by
(8) Hk(V, g) = Zk(V, g)/Bk(V, g), k ≥ 0,
the k-th cohomology group which will be taken to be the k-th cohomology group for the
relative Rota-Baxter operator T .
It is obvious that x ∈ g is closed if and only if T ◦ ρL(x) − Lx ◦ T = 0, and f ∈ C
1(V, g) is
closed if and only if
[Tu, f (v)]g + [ f (u), Tv]g − T (ρ
L( f (u))v + ρR( f (v))u) − f (ρL(Tu)v + ρR(Tv)u) = 0.
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Let (V; ρL, ρR) be a representation of a Leibniz algebra (g, [·, ·]g). Consider the graded vector
space
C∗(V, g) := ⊕n≥1C
n(V, g) = ⊕n≥1Hom(⊗
nV, g).
Theorem 2.9. ([23]) With the above notations, (C∗(V, g) = ⊕+∞
k=1
Ck(V, g), {·, ·}) is a graded Lie
algebra, where the graded Lie bracket {·, ·} is given by
{g1, g2}(v1, v2, · · · , vm+n)
=
m∑
k=1
∑
σ∈S(k−1,n)
(−1)(k−1)n+1(−1)σg1(vσ(1), · · · , vσ(k−1), ρ
L(g2(vσ(k), · · · , vσ(k+n−1)))vk+n, vk+n+1, · · · , vm+n)(9)
+
m+1∑
k=2
∑
σ∈S(k−2,n,1)
σ(k+n−2)=k+n−1
(−1)kn(−1)σg1(vσ(1), · · · , vσ(k−2), ρ
R(g2(vσ(k−1), · · · , vσ(k+n−2)))vσ(k+n−1), vk+n, · · · , vm+n)
+
m∑
k=1
∑
σ∈S(k−1,n−1)
(−1)(k−1)n(−1)σ[g2(vσ(k), · · · , vσ(k+n−2), vk+n−1), g1(vσ(1), · · · , vσ(k−1), vk+n, · · · , vm+n)]g
+
∑
σ∈S(m,n−1)
(−1)mn+1(−1)σ[g1(vσ(1), · · · , vσ(m)), g2(vσ(m+1), · · · , vσ(m+n−1), vm+n)]g
+
n∑
k=1
∑
σ∈S(k−1,m)
(−1)m(k+n−1)(−1)σg2(vσ(1), · · · , vσ(k−1), ρ
L(g1(vσ(k), · · · , vσ(k+m−1)))vk+m, vk+m+1, · · · , vm+n)
+
n∑
k=1
∑
σ∈S(k−1,m,1)
σ(k+m−1)=k+m
(−1)m(k+n−1)+1(−1)σg2(vσ(1), · · · , vσ(k−1), ρ
R(g1(vσ(k), · · · , vσ(k−1+m)))vσ(k+m), vk+m+1, · · · , vm+n),
for all g1 ∈ C
m(V, g), g2 ∈ C
n(V, g).
Moreover, its Maurer-Cartan elements are precisely relative Rota-Baxter operators on the
Leibniz algebra (g, [·, ·]g) with respect to the representation (V; ρ
L, ρR).
Let T be a relative Rota-Baxter operator on the Leibniz algebra (g, [·, ·]g) with respect to
the representation (V; ρL, ρR). Since T is a Maurer-Cartan element of the graded Lie algebra
(C∗(V, g), {·, ·}) given by Theorem 2.9, it follows from the graded Jacobi identity that the map
(10) dT : C
n(V, g) −→ Cn+1(V, g), dT f = {T, f },
is a graded derivation of the graded Lie algebra (C∗(V, g), {·, ·}) satisfying dT ◦ dT = 0.
Up to a sign, the coboundary operators ∂T coincides with the differential operator dT defined
by (10) using the Maurer-Cartan element T .
Theorem 2.10. Let T be a relative Rota-Baxter operator on the Leibniz algebra (g, [·, ·]g) with
respect to the representation (V; ρL, ρR). Then we have
∂T f = (−1)
n−1dT f , ∀ f ∈ Hom(⊗
nV, g), n = 1, 2, · · · .
Proof. For all v1, v2, · · · , vn+1 ∈ V and f ∈ Hom(⊗
nV, g), we have
(dT f )(v1, v2, · · · , vn+1)
= {T, f }(v1, v2, · · · , vn+1)
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= (−1)1T (ρL( f (v1, · · · , vn))vn+1) +
∑
σ∈S(0,n,1)
σ(n)=n+1
(−1)σT (ρR(vσ(1), · · · , vσ(n))vσ(n+1))
+[ f (v1, · · · , vn), Tvn+1]g +
∑
σ∈S(1,n−1)
(−1)n+1(−1)σ[Tvσ(1), f (vσ(2), · · · , vσ(n), vn+1)]g
+
n∑
k=1
∑
σ∈S(k−1,1)
(−1)k+n−1(−1)σ f (vσ(1), · · · , vσ(k−1), ρ
L(Tvσ(k))vk+1, vk+2, · · · , vn+1)
+
n∑
k=1
∑
σ∈S(k−1,1,1)
σ(k)=k+1
(−1)k+n(−1)σ f (vσ(1), · · · , vσ(k−1), ρ
R(Tvσ(k))vσ(k+1), vk+2, · · · , vn+1)
= (−1)1T (ρL( f (v1, · · · , vn))vn+1) +
n∑
i=1
(−1)n+1−iT (ρR(v1, · · · , vˆi, · · · , vn, vn+1)vi)
+[ f (v1, · · · , vn), Tvn+1]g +
n∑
i=1
(−1)n+i[Tvi, f (v1, · · · , vˆi, · · · , vn, vn+1)]g
+
∑
1≤i≤ j≤n+1
(−1)n−1−i f (v1, · · · , vˆi, · · · , v j−1, ρ
L(Tvi)v j, v j+1, · · · , vn+1)
+
∑
1≤i≤ j≤n+1
(−1)n−1−i f (v1, · · · , vˆi, · · · , v j−1, ρ
R(Tv j)vi, v j+1, · · · , vn+1).
Thus, we obtain that ∂T f = (−1)
n−1dT f . The proof is finished. 
We can use these cohomology groups to characterize linear and formal deformations of rela-
tive Rota-Baxter operators in the following section.
3. Deformations of a relative Rota-Baxter operator
3.1. Linear deformations of a relative Rota-Baxter operator. In this subsection, we study
linear deformations of a relative Rota-Baxter operator using the cohomology theory given in
the previous section. In particular, we introduce the notion of a Nijenhuis element associated
to a relative Rota-Baxter operator, which gives rise to a trivial linear deformation of the relative
Rota-Baxter operator.
Definition 3.1. Let T and T ′ be relative Rota-Baxter operators on a Leibniz algebra (g, [·, ·]g)
with respect to a representation (V; ρL, ρR). A homomorphism from T ′ to T consists of a
Leibniz algebra homomorphism φg : g −→ g and a linear map φV : V −→ V such that
T ◦ φV = φg ◦ T
′,(11)
φVρ
L(x)u = ρL(φg(x))φV (u)(12)
φVρ
R(x)u = ρR(φg(x))φV (u), ∀x ∈ g, u ∈ V.(13)
In particular, if both φg and φV are invertible, (φg, φV) is called an isomorphism from T
′ to T .
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Proposition 3.2. Let T and T ′ be two relative Rota-Baxter operators on a Leibniz algebra
(g, [·, ·]g) with respect to a representation (V; ρ
L, ρR) and (φg, φV) a homomorphism (resp. an
isomorphism) from T ′ to T . Then φV is a homomorphism (resp. an isomorphism) of Leibniz
algebras from (V, [·, ·]T ′) to (V, [·, ·]T ).
Proof. This is because, for all u, v ∈ V , we have
φV([u, v]T ′) = φV(ρ
L(T ′u)v + ρR(T ′v)u) = ρL(φg(T
′u))φV(v) + ρ
R(φg(T
′v))φV(u)
= ρL(TφV(u))φV(v) + ρ
R(TφV(v))φV (u)
= [φV(u), φV(v)]T .

Definition 3.3. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with re-
spect to a representation (V; ρL, ρR) and T : V −→ g a linear map. If Tt = T + tT is still a relative
Rota-Baxter operator on the Leibniz algebra g with respect to the representation (V; ρL, ρR) for
all t ∈ K, we say that T generates a linear deformation of the relative Rota-Baxter operator T .
It is direct to check that Tt = T + tT is a linear deformation of a relative Rota-Baxter operator
T if and only if for any u, v ∈ V ,
[Tu,Tv]g + [Tu, Tv]g = T (ρ
L(Tu)v + ρR(Tv)u) + T(ρL(Tu)v + ρR(Tv)u),(14)
[Tu,Tv]g = T(ρ
L(Tu)v + ρR(Tv)u).(15)
Note that Eq. (14) means that T is a 1-cocycle of the Leibniz algebra (V, [·, ·]T ) with coefficients
in the representation (g; ρ¯L, ρ¯R) and Eq. (15) means that T is a relative Rota-Baxter operator on
the Leibniz algebra g with respect to the representation (V; ρL, ρR).
Let (V, [·, ·]) be a Leibniz algebra and ω : ⊗2V −→ V be a linear map. If for any t ∈ K, the
multiplication [·, ·]t defined by
[u, v]t = [u, v] + tω(u, v), ∀u, v ∈ V,
also gives a Leibniz algebra structure, we say that ω generates a linear deformation of the
Leibniz algebra (V, [·, ·]).
The two types of linear deformations are related as follows.
Proposition 3.4. If T generates a linear deformation of a relative Rota-Baxter operator T on a
Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR), then the product ωT on V
defined by
ωT(u, v) = ρ
L(Tu)v + ρR(Tv)u, ∀u, v ∈ V,
generates a linear deformation of the associated Leibniz algebra (V, [·, ·]T ).
Proof. We denote by [·, ·]t the corresponding Leibniz algebra structure associated to the relative
Rota-Baxter operator T + tT. Then we have
[u, v]t = ρ
L((T + tT)u)v + ρR((T + tT)v)u
= ρL(Tu)v + ρR(Tv)u + t(ρL(Tu)v + ρR(Tv)u)
= [u, v]T + tωT(u, v), ∀u, v ∈ V,
which implies that ωT generates a linear deformation of (V, [·, ·]T ). 
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Definition 3.5. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). Two linear deformations T 1t = T + tT1 and T
2
t = T +
tT2 are said to be equivalent if there exists an x ∈ g such that (Idg + tLx, IdV + tρ
L(x)) is a
homomorphism from T 2t to T
1
t . In particular, a linear deformation Tt = T + tT of a relative Rota-
Baxter operator T is said to be trivial if there exists an x ∈ g such that (Idg + tLx, IdV + tρ
L(x))
is a homomorphism from Tt to T .
Let (Idg + tLx, IdV + tρ
L(x)) be a homomorphism from T 2t to T
1
t . Then Idg + tLx is a Leibniz
algebra endomorphism of (g, [·, ·]g). Thus, we have
(Idg + tLx)[y, z]g = [(Idg + tLx)(y), (Idg + tLx)(z)]g, ∀y, z ∈ g,
which implies that x satisfies
(16) [[x, y]g, [x, z]g]g = 0, ∀y, z ∈ g.
Then by Eq. (11), we get
(T + tT1)(IdV + tρ
L(x))(u) = (Idg + tLx)(T + tT2)(u), ∀u ∈ V,
which implies
(T2 − T1)(u) = Tρ
L(x)u − [x, Tu]g,(17)
T1ρ
L(x)(u) = [x,T2u]g, ∀u ∈ V.(18)
By Eq. (12), we obtain
(IdV + tρ
L(x))ρL(y)(u) = ρL((Idg + tLx)(y))(IdV + tρ
L(x))(u), ∀y ∈ g, u ∈ V,
which implies that x satisfies
(19) ρL([x, y]g)ρ
L(x) = 0, ∀y ∈ g.
Finally, Eq. (13) gives
(IdV + tρ
L(x))ρR(y)(u) = ρR((Idg + tLx)(y))(IdV + tρ
L(x))(u), ∀y ∈ g, u ∈ V,
which implies that x satisfies
(20) ρR([x, y]g)ρ
L(x) = 0, ∀y ∈ g.
Note that Eq. (17) means that T2 − T1 = ∂T x. Thus, we have
Theorem 3.6. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). If two linear deformations T 1t = T + tT1 and T
2
t =
T + tT2 are equivalent, then T1 and T2 are in the same cohomology class of H
1(V, g) =
Z1(V, g)/B1(V, g) defined in Definition 2.8.
Definition 3.7. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with re-
spect to a representation (V; ρL, ρR). An element x ∈ g is called a Nijenhuis element associated
to T if x satisfies Eqs. (16), (19), (20) and the equation
[x, TρL(x)u − [x, Tu]g]g = 0, ∀u ∈ V.(21)
Denote by Nij(T ) the set of Nijenhuis elements associated to a relative Rota-Baxter operator T .
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By Eqs. (16)-(20), it is obvious that a trivial linear deformation gives rise to a Nijenhuis
element. Conversely, a Nijenhuis element can also generate a trivial linear deformation as the
following theorem shows.
Theorem 3.8. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). Then for any x ∈ Nij(T ), Tt = T + tT with T = ∂T x is a
trivial linear deformation of the relative Rota-Baxter operator T .
We need the following lemma to prove this theorem.
Lemma 3.9. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). Let φg : g −→ g be a Leibniz algebra isomorphism
and φV : V −→ V an isomorphism of vector spaces such that Eqs. (12)-(13) hold. Then
φ−1g ◦ T ◦ φV is a relative Rota-Baxter operator on the Leibniz algebra (g, [·, ·]g) with respect to
the representation (V; ρL, ρR).
Proof. It follows from straightforward computations. 
The proof of Theorem 3.8: For any Nijenhuis element x ∈ Nij(T ), we define
T = ∂T x.(22)
By the definition of Nijenhuis elements of T , for any t, Tt = T + tT satisfies
(Idg + tLx) ◦ Tt = T ◦ (IdV + tρ
L(x)),
(IdV + tρ
L(x))ρL(y)u = ρL((Idg + tLx)y)(IdV + tρ
L(x))(u)
(IdV + tρ
L(x))ρR(y)u = ρR((Idg + tLx)y)(IdV + tρ
L(x))(u), ∀y ∈ g, u ∈ V
For t sufficiently small, we see that Idg + tLx is a Leibniz algebra isomorphism and IdV + tρ
L(x)
is an isomorphism of vector spaces. Thus, we have
Tt = (Idg + tLx)
−1 ◦ T ◦ (IdV + tρ
L(x)).
By Lemma 3.9, we deduce that Tt is a relative Rota-Baxter operator on the Leibniz algebra
(g, [·, ·]g) with respect to the representation (V; ρ
L, ρR), for t sufficiently small. Thus, T given by
Eq. (22) satisfies the conditions (14) and (15). Therefore, Tt is a relative Rota-Baxter operator
for all t, which means that T given by Eq. (22) generates a linear deformation of T . It is
straightforward to see that this linear deformation is trivial. 
Now we introduce the notion of a Nijenhuis operator on a Leibniz algebra, which gives rise
to a trivial linear deformation of a Leibniz algebra.
Definition 3.10. A linear map N : g −→ g on a Leibniz algebra (g, [·, ·]g) is called a Nijenhuis
operator if
(23) [Nx,Ny]g = N([Nx, y]g + [x,Ny]g − N[x, y]g), x, y ∈ g.
For its connection with a Nijenhuis element associated to a relative Rota-Baxter operator, we
have
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Proposition 3.11. Let x ∈ g be a Nijenhuis element associated to a relative Rota-Baxter oper-
ator T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). Then ρL(x) is
a Nijenhuis operator on the associated Leibniz algebra (V, [·, ·]T ).
Proof. For all u, v ∈ V , we have
ρL(x)([ρL(x)u, v]T + [u, ρ
L(x)v]T − ρ
L(x)[u, v]T ) − [ρ
L(x)u, ρL(x)v]T
(6)
= ρL(x)
(
ρL(TρL(x)u)v + ρR(Tv)ρL(x)u + ρL(Tu)ρL(x)v + ρR(TρL(x)v)u − ρL(x)(ρL(Tu)v + ρR(Tv)u)
)
−ρL(TρL(x)u)ρL(x)v − ρR(TρL(x)v)ρL(x)u
= [ρL(x), ρL(TρL(x)u)]v + [ρL(x), ρR(TρL(x)v)]u + ρL(x)([ρR(Tv), ρL(x)]u + [ρL(Tu), ρL(x)]v)
(2),(3)
= ρL([x, TρL(x)u]g)v + ρ
R([x, TρL(x)v]g)u − ρ
L(x)(ρR([x, Tv]g)u + ρ
L([x, Tu]g)v)
(19),(20)
= ρL([x, TρL(x)u]g)v + ρ
R([x, TρL(x)v]g)u − [ρ
L(x), ρR([x, Tv]g)]u − [ρ
L(x), ρL([x, Tu]g)]v
(2),(3)
= ρL([x, TρL(x)u]g)v + ρ
R([x, TρL(x)v]g)u − ρ
R([x, [x, Tv]g]g)u − ρ
L([x, [x, Tu]g]g)v
= ρL([x, TρL(x)u − [x, Tu]g]g)v + ρ
R([x, TρL(x)v − [x, Tv]g]g)u
(21)
= 0.
Thus, we deduce that ρL(x) is a Nijenhuis operator on the Leibniz algebra (V, [·, ·]T ). 
Remark 3.12. When the Leibniz algebra (g, [·, ·]g) is a Lie algebra and ρ
R
= −ρL, we recover
the notion of a Nijenhuis element associated to an O-operator on a Lie algebra with respect to a
representation. See [24] for more details.
3.2. Formal deformations of a relative Rota-Baxter operator. Let K[[t]] be the ring of
power series in one variable t. For any K-linear space V , we let V[[t]] denote the vector space
of formal power series in t with coefficients in V . If in addition, (g, [·, ·]g) is a Leibniz algebra
over K, then there is a K[[t]]-Leibniz algebra structure on g[[t]] given by
(24)
[ +∞∑
i=0
xit
i,
+∞∑
j=0
y jt
j
]
g
=
+∞∑
k=0
∑
i+ j=k
[xi, y j]gt
k, ∀xi, y j ∈ g.
For any representation (V; ρL, ρR) of (g, [·, ·]g), there is a natural representation ofK[[t]]-Leibniz
algebra g[[t]] on K[[t]]-module V[[t]], which is given by
ρL
( +∞∑
i=0
xit
i
)( +∞∑
j=0
v jt
j
)
=
+∞∑
k=0
∑
i+ j=k
ρL(xi)v jt
k,(25)
ρR
( +∞∑
i=0
xit
i
)( +∞∑
j=0
v jt
j
)
=
+∞∑
k=0
∑
i+ j=k
ρR(xi)v jt
k ∀xi ∈ g, v j ∈ V.(26)
Let T be a relative Rota-Baxter operator T on a Leibniz algebra (g, [·, ·]g) with respect to a
representation (V; ρL, ρR). Consider a power series
Tt =
+∞∑
i=0
Tit
i, Ti ∈ HomK(V, g),(27)
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that is, Tt ∈ HomK(V, g)[[t]] = HomK(V, g[[t]]). Extend it to be aK[[t]]-module map from V[[t]]
to g[[t]] which is still denoted by Tt.
Definition 3.13. If Tt =
∑
+∞
i=0 Tit
i with T0 = T satisfies
[Tt(u), Tt(v)]g = Tt
(
ρL(Tt(u))v + ρ
R(Tt(v))u
)
, ∀u, v ∈ V,(28)
we say that Tt is a formal deformation of the relative Rota-Baxter operator T .
Recall that a formal deformation of a Leibniz algebra (g, [·, ·]g) is a power seriesωt =
∑
+∞
i=0 ωit
i
such that ω0(x, y) = [x, y]g for any x, y ∈ g and ωt defines a K[[t]]-Leibniz algebra structure on
g[[t]].
Building on the relationship between relative Rota-Baxter operators and Leibniz algebras, we
have
Proposition 3.14. If Tt =
∑
+∞
i=0 Tit
i is a formal deformation of a relative Rota-Baxter operator
T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR), then [·, ·]Tt defined
by
[u, v]Tt =
+∞∑
i=0
(
ρL(Tiu)v + ρ
R(Tiv)u
)
ti, ∀u, v ∈ V,
is a formal deformation of the associated Leibniz algebra (V, [·, ·]T ).
Applying Eqs. (24)-(27) to expand Eq. (28) and collecting coefficients of tn, we see that
Eq. (28) is equivalent to the system of equations∑
i+ j=k
i, j≥0
(
[Tiu,T jv]g − Ti
(
ρL(T ju)v + ρ
R(T jv)u
))
= 0, ∀k ≥ 0, u, v ∈ V.(29)
Proposition 3.15. Let Tt =
∑
+∞
i=0 Tit
i be a formal deformation of a relative Rota-Baxter operator
T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). Then T1 is a 1-
cocycle for the relative Rota-Baxter operator T , that is, ∂TT1 = 0.
Proof. For k = 1, Eq. (29) is equivalent to
[Tu,T1v] + [T1u, Tv] − T (ρ
L(T1u)v + ρ
R(T1v)u) − T1(ρ
L(Tu)v + ρR(Tv)u) = 0, ∀u, v ∈ V.
Thus, T1 is a 1-cocycle. The proof is finished. 
Definition 3.16. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). The 1-cocycle T1 given in Proposition 3.15 is called the
infinitesimal of the formal deformation Tt =
∑
+∞
i=0 Tit
i of T .
Definition 3.17. Two formal deformations T t =
∑
+∞
i=0 T¯it
i and Tt =
∑
+∞
i=0 Tit
i of a relative Rota-
Baxter operator T = T¯0 = T0 on a Leibniz algebra (g, [·, ·]g) with respect to a representation
(V; ρL, ρR) are said to be equivalent if there exist x ∈ g, φi ∈ gl(g) and ϕi ∈ gl(V), i ≥ 2, such
that for
(30) φt = Idg + tLx +
+∞∑
i=2
φit
i, ϕt = IdV + tρ
L(x) +
+∞∑
i=2
ϕit
i,
the following conditions hold:
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(i) [φt(x), φt(y)]g = φt[x, y]g for all x, y ∈ g;
(ii) ϕtρ
L(x)u = ρL(φt(x))ϕt(u);
(iii) ϕtρ
R(x)u = ρR(φt(x))ϕt(u) for all x ∈ g, u ∈ V;
(iv) Tt ◦ ϕt = φt ◦ T t as K[[t]]-module maps.
In particular, a formal deformation Tt of a relative Rota-Baxter operator T is said to be trivial
if there exists an x ∈ g, φi ∈ gl(g) and ϕi ∈ gl(V), i ≥ 2, such that (φt, ϕt) defined by Eq. (30)
gives an equivalence between Tt and T , with the latter regarded as a deformation of itself.
Theorem 3.18. If two formal deformations of a relative Rota-Baxter operator on a Leibniz alge-
bra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR) are equivalent, then their infinitesimals
are in the same cohomology class.
Proof. Let (φt, ϕt) be the two maps defined by Eq. (30) which gives an equivalence between
two deformations T t =
∑
+∞
i=0 Tit
i and Tt =
∑
+∞
i=0 Tit
i of a relative Rota-Baxter operator T . By
φt ◦ T t = Tt ◦ ϕt, we have
T¯1v = T1v + Tρ
L(x)v − [x, Tv]g = T1v + (∂T x)(v), ∀v ∈ V,
which implies that T¯1 and T1 are in the same cohomology class. 
Definition 3.19. A relative Rota-Baxter operator T is rigid if all formal deformations of T are
trivial.
As a cohomological condition of the rigidity, we have the following result which shows that
the rigidity of a relative Rota-Baxter operator is a very strong condition.
Proposition 3.20. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). IfZ1(V, g) = ∂T (Nij(T )), then T is rigid.
Proof. Let Tt =
∑
+∞
i=0 Tit
i be a formal deformation of the relative Rota-Baxter operator T . By
Proposition 3.15, we deduce T1 ∈ Z
1(V, g). By the assumption Z1(V, g) = ∂T (Nij(T )), we
obtain T1 = −∂T x for some x ∈ Nij(T ). Then setting φt = Idg + tLx and ϕt = IdV + tρ
L(x), we
get a formal deformation T t := φ
−1
t ◦ Tt ◦ ϕt. Thus, T t is equivalent to Tt. Moreover, we have
T t(v) = (Idg − Lxt + L
2
xt
2
+ · · · + (−1)iLixt
i
+ · · · )(Tt(v + ρ
L(x)vt))
= T (v) + (T1v + Tρ
L(x)(v) − [x, Tv]g)t + τ¯2(v)t
2
+ · · ·
= T (v) + T¯2(v)t
2
+ · · · .
Then by repeating the argument, we find that Tt is equivalent to T . 
3.3. Deformations of order n of a relative Rota-Baxter operator. We introduce a cohomol-
ogy class associated to any deformation of order n of a relative Rota-Baxter operator, and show
that a deformation of order n of a relative Rota-Baxter operator is extensible if and only if
this cohomology class is trivial. Thus we call this cohomology class the obstruction class of a
deformation of order n being extensible.
Definition 3.21. Let T be a relative Rota-Baxter operator on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). If Tt =
∑n
i=0 Tit
i with T0 = T , Ti ∈ HomK(V, g),
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i = 2, · · · , n, defines a K[t]/(tn+1)-module map from V[t]/(tn+1) to the Lie algebra g[t]/(tn+1)
satisfying
[Tt(u), Tt(v)]g = Tt
(
ρL(Tt(u))v + ρ
R(Tt(v))u
)
, ∀u, v ∈ V,(31)
we say that Tt is an order n deformation of the relative Rota-Baxter operator T .
Remark 3.22. Obviously, the left hand side of Eq. (31) holds in the Lie algebra g[t]/(tn+1) and
the right hand side makes sense since Tt is a K[t]/(t
n+1)-module map.
Definition 3.23. Let Tt =
∑n
i=0 Tit
i be an order n deformation of a relative Rota-Baxter operator
T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). If there exists a
1-cochain Tn+1 ∈ HomK(V, g) such that T˜t = Tt + Tn+1t
n+1 is an order n + 1 deformation of the
relative Rota-Baxter operator T , then we say that Tt is extendable.
Proposition 3.24. Let Tt =
∑n
i=0 Tit
i be an order n deformation of a relative Rota-Baxter op-
erator T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). Define
ObT ∈ C
2(V, g) by
ObT (u, v) =
∑
i+ j=n+1
i, j≥1
(
[Tiu,T jv]g − Ti
(
ρL(T ju)v + ρ
R(T jv)u
))
, ∀u, v ∈ V.(32)
Then the 2-cochain ObT is a 2-cocycle, that is, ∂TObT = 0.
Proof. By the bracket in Eq. (9), we have ObT =
1
2
∑
i+ j=n+1
i, j≥1
{Ti,T j}. Since Tt is an order n defor-
mation of the relative Rota-Baxter operator T , for all 0 ≤ i ≤ n, we have∑
k+l=i
k,l≥0
(
[Tku,Tlv]g − Tk
(
ρL(Tlu)v + ρ
R(Tlv)u
))
= 0, ∀u, v ∈ V,(33)
which is equivalent to
1
2
∑
k+l=i
k,l≥1
{Tk,Tl} = −{T,Ti}, 0 ≤ i ≤ n.(34)
By Theorem 2.10 and (10), we have
∂TObT = (−1)
1{T,ObT }
= −
1
2
∑
i+ j=n+1
i, j≥1
{T, {Ti,T j}}
= −
1
2
∑
i+ j=n+1
i, j≥1
(
{{T,Ti},T j} − {Ti, {T,T j}}
)
(34)
=
1
4
∑
i′+i′′+ j=n+1
i′,i′′ , j≥1
{{Ti′ ,Ti′′},T j} −
1
4
∑
i+ j′+ j′′=n+1
i, j′ , j′′≥1
{Ti, {T j′ ,T j′′}}
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=
1
2
∑
i′+i′′+ j=n+1
i′,i′′ , j≥1
{{Ti′ ,Ti′′},T j} = 0.
Thus, we obtain that the 2-cochain ObT is a 2-cocycle. The proof is finished. 
Definition 3.25. Let Tt =
∑n
i=0 Tit
i be an order n deformation of a relative Rota-Baxter operator
T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). The cohomology
class [ObT ] ∈ H
2(V, g) is called the obstruction class of Tt being extendable.
Theorem 3.26. Let Tt =
∑n
i=0 Tit
i be an order n deformation of a relative Rota-Baxter oper-
ator T on a Leibniz algebra (g, [·, ·]g) with respect to a representation (V; ρ
L, ρR). Then Tt is
extendable if and only if the obstruction class [ObT ] is trivial.
Proof. Suppose that an order n deformation Tt of the relative Rota-Baxter operator T extends to
an order n + 1 deformation. Then Eq. (34) holds for i = n + 1. Thus, we have ObT = −∂TTn+1,
which implies that the obstruction class [ObT ] is trivial.
Conversely, if the obstruction class [ObT ] is trivial, suppose that ObT = −∂TTn+1 for some
1-cochain Tn+1 ∈ HomK(V, g). Set T˜t := Tt+Tn+1t
n+1. Then T˜t satisfies Eq. (33) for 0 ≤ i ≤ n+1.
So T˜t is an order n + 1 deformation, which means that Tt is extendable. 
Corollary 3.27. Let T be a relative Rota-Baxter operator T on a Leibniz algebra (g, [·, ·]g) with
respect to a representation (V; ρL, ρR). If H2(V, g) = 0, then every 1-cocycle in Z1(V, g) is the
infinitesimal of some formal deformation of the relative Rota-Baxter operator T .
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